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Abstract 

Hydrodynamic models have usually been calibrated manually, by trial-and-error, with different va-

lues of hydraulic parameters and hydraulic characteristics of boundary conditions. This method of cali-

bration and estimation of hydraulic parameters requires an extensive knowledge and experience of 

experts, but whether the resulting solution includes an optimal set of parameters still remains an open 

question. An optimization method founded upon the Gauss-Marquardt-Levenberg algorithm, along with 

PEST software based on that algorithm, introduces automation of model calibration with regularization, 

which substantially reduces the effect of expert judgment on the result. The method also introduces the 

so-called “pilot points”, which transcend the concept of homogeneous zones with the values of hydrau-

lic parameters of a hydrogeological system or zones with the specified boundary conditions. Mineral ore 

deposits are the most complex in geological and hydrogeological terms, so the lignite coal mine “Tam-

nava - West Field” was selected as a good area to test the approach. Applying the proposed method, the 
spatial distributions of the horizontal (Kx=Ky) and vertical (Kz) components of hydraulic conductivity 

are determined in the study area.  
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INTRODUCTION  

Hydrodynamic modeling is the most 

complex and most appealing method for 

simulating the aquifer regimes. It is based on 

numerical solving the partial differential 

equations that describe the groundwater flow 

and processes taking place in the porous 

medium. Hydrogeologists mainly follow this 

approach to assess the groundwater regime, 

quantify the groundwater balance, analyze 

the flow pattern, make the alternative prog-

nostic calculations for a technical concept, 

and predict the movement of groundwater, a 

pollutant or heat. In the case of mineral ore 

 
 

 

deposits, the groundwater modeling is main-

ly used for alternative prognostic calcula-

tions made in connection with design of the 

groundwater control systems-lowering 

groundwater levels to below the elevation of 

mining operations [1, 2, 3]. Hydrodynamic 

models are also used to assess the effective-

ness of groundwater control systems and 

select the optimal solution [4]. 

Calibration of the hydrodynamic model 
is the most delicate process in modeling, 
which includes fitting the groundwater flow 
simulation results to data recorded in nature 
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(piezometric levels and components of the 

groundwater balance).  
Until recently, manual calibration has 

been widespread; it involves a trial-and-error 
with different combinations of model pa-
rameter values, to fit the estimated model 
parameter values to those observed in na-
ture. Such approach to a hydrodynamic 
model calibration requires a vast experience 
and extensive knowledge, while the ultimate 
solution has a distinct expert judgment com-
ponent [5]. However, the automated calibra-
tion, using a special-purpose software, has 
been gaining ground over the past several 
years. This approach optimizes the values of 
select parameters of the hydrogeologic sys-
tem: hydraulic conductivity, specific yield 
and specific storage. It also optimizes the 
values of boundary conditions, such as the 
rates of infiltration and evapotranspiration, 
discharges, piezometric levels and the like. 
The optimization method is based on the 
Gauss-Marquardt-Levenberg algorithm [6], 
which looks for the minimum residual sum 
of squares - the difference between meas-
ured data and model simulation results. 

PEST (Model-Independent Parameter 
Estimation and Uncertainty Analysis) soft-
ware is commonly used worldwide for the 
automated model calibration with regulari-
zation [7, 8]. This is the most advanced soft-
ware for optimizing the parameters of any 
simulation model and analysis of uncertainty 
in prognostic calculations [9, 10]. PEST is 
widely used in geoscience [11, 12, 13]. 

Mineral ore deposits are the most com-
plex case of hydrodynamic modeling of 
aquifer regimes. The complexity of such 
areas is attributable to the dynamics - con-
tinuous changes in the model’s flow field 
corroborated by a constant expansion of 
deposits. In the present research, the optimi-
zation approach to the estimation of hydrau-
lic parameters in hydrodynamic modeling 
was applied to the largest open-cast mine in 
Serbia - the lignite coal mine of Tamnava - 
West Field. Hydraulic conductivity (K) was 
estimated by this complex analysis. 

STUDY AREA 

The Tamnava - West Field coal mine be-
longs to the Kolubara Coal Basin. To the 
west and south the mine borders on the 
Radljevo open - cast mine, and to the east on 
the Tamnava - East Field open-cast mine. 
On the northern side, there is a natural boun-
dary where the coal bed lenses out. The geo-
logic framework in the paleo relief is com-
prised of the Paleozoic and Mesozoic sedi-
ments, while the coal basin itself is built up 
of the Neogene deposits: alluvial and terrace 
sediments of the Kolubara, Kladnica, Turija 
and Peštan rivers (Fig. 1). There are also 
other sediments, such as diluvial-proluvial 
and oxbow deposits. Quaternary sediments 
discordantly overlie the Pontian strata (Pl1). 

The Tamnava - West Field is the largest 
open-cast mine in Serbia, where lignite coal 
is mined.  A total of 11,600,000 tons of coal 
was extracted in 2015, which was 15.5% 
more than the annual budget.  

METHODOLOGY 

The methods used in this research were 

the hydrodynamic modeling and the Gauss-

Marquardt-Levenberg algorithm [6] for op-

timization. PEST software, based on the said 

algorithm, was used for estimation. The 

concept required the introduction of pilot 

points [7, 8, 9, 10], which did not necessarily 

signify fictitious points, although the points 

at which some of the parameters were 

known were relatively few. Each pilot point 

represented a parameter whose value was to 

be determined. The concept of pilot points is 

not restricted to hydraulic conductivity; it 

applies to all parameters determined during 

the course of model calibration.  

There are several ways in which the pilot 

points can be specified in the model, such as 

by means of a regular grid or triangulation 

[7]. The use of pilot points in PEST is re-

ferred to as regularization, whereby the dis-

tribution of certain parameters and/or va-

lues of boundary conditions are regula-

rized. The outcome of this approach in 
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PEST calibration is a result that includes 

the heterogeneity of the medium (flow 

field) with regard to the distribution of 

the determined parameters of the medium 

(hydraulic conductivity in the present  

case). 

 

 

Figure 1 Geological map of the open-cast mine Tamnava - West Field (according to the national 

geological map of Serbia, scale 1:100,000, Obrenovac section and [14])  

Legend: a - riverbed sediments; dpr - diluvial/proluvial sediments; am - oxbow sediments;  

t1 - lower river terrace; Q, Pl - riverine-lacustrine terrace; Pl1 - sand and clay (marly and coaly). 

 

RESULTS 

A three-dimensional hydrodynamic 
model of the Tamnava - West Field, based 
on the method of finite differences, was de-
veloped using the MODFLOW code [15] 
with the Groundwater Vistas Advanced 
graphic user interface, version 64-Bit 6.74 
b.24 [16]. It was designed as a multi-layer 
model, with a total of eight layers (Table 1), 
as described in [17]. Each of these layers 
corresponded to a real layer, modeled on the 
basis of the results of analyses of in situ in-
vestigations. The initial values of hydraulic 
conductivity for all the lithologic units were 
entered based on the outcomes of in situ 
hydrogeological investigations and are 
shown in Table 1.  

 
 

 

Both manual and automated (PEST with 
regularization option) calibration of the 
model was undertaken. Pilot points were 
specified for automated calibration, given 
that they help to obtain much more realistic 
heterogeneous zones with hydraulic condu-
ctivities. Figure 2 shows the model layers in 
which pilot points were specified. They were 
used to determine the spatial distribution of 
the horizontal (Kx=Ky) and vertical (Kz) 
components of hydraulic conductivity. No 
pilot points were specified in the 6

th
 model 

layer represented solely by the second coal 
bed. A total of 729 pilot points were speci-
fied with the horizontal component and 286 
with the vertical component of hydraulic 
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conductivity. The way the pilot points were 
specified depended on the hydro-geological 
significance of the various sediments and the 
number and distribution of piezometers in 
the water-bearing layers (Table 1 and Fig. 
2). In the case of semi-permeable sediments, 
a homogeneous grid of pilot points was spe-
cified for each distinct lithologic unit. On the 
other hand, the pilot points for water-bearing 
sediments with piezometers were specified 
by triangulation between three neighboring 
piezometers, with an additional pilot point in 
the center of each triangle. Then the density 
was increased in the parts where the pilot 
points were located. In the 8

th
 model layer, a 

so-called regular grid of pilot points, spaced 
500 m apart, was specified. The pilot points 

determining a distribution of vertical com-
ponent of hydraulic conductivity were 
moved 50 m relative to the horizontal com-
ponent, to display the points more easily. 

Determined representative values of hy-

draulic conductivity were the outcome. A 

total of 49,964 zones with values of hydrau-

lic conductivity were identified in the model 

of Tamnava - West Field. Figure 3 shows 

the hydraulic conductivities of the model 

layers. The results are presented as the maps 

of hydraulic conductivity distribution, with 

different color fields according to a color 

scale. The data generated by the software 

can also be exported to xls and presented in 

tabular form. 

 

Table 1 Schematic view of the flow field - representation of the lithologic units in the 

model layers with initial values of hydraulic conductivity (Kx, Ky, Kz)  

Model layer Lithologic units Kx = Ky (m/s) Kz (m/s) 

First confining 

layer (stratum) 

Quaternary clay and heterogeneous 

mine waste in the northern part of the 

area 

5x10
-6

 5x10
-7

 

Second com-

bined water-

bearing -  

Upper aquifer sand and gravel 5x10
-4

 5x10
-5

 

confining layer 
and heterogeneous mine waste in the 

northern part of the area 
1x10

-6
 1x10

-7
 

Third confining 

layer 

Aleurites and mine waste in the 

northern part of the area 
5x10

-6
 5x10

-7
 

Fourth confining 

layer 
First coal bed 5x10

-9
 5x10

-10
 

Fifth combined 

water-bearing -   

Intermediate aquifer sands in the 

western and central parts in front of 

the mine contour 

1x10
-5

 5x10
-6

 

Confining layer 

Heterogeneous mine waste in the north-

ern part of the area, clay sediments in 

the north-eastern part and coals in the 

eastern and southern parts of the area 

1x10
-6

 1x10
-7

 

Sixth confining 

layer 
Second coal bed 5x10

-9
 5x10

-10
 

Seventh water-

bearing layer 

Lower aquifer sands of high  

hydraulic conductivity 
3x10

-5
 5x10

-6
 

Eighth water-

bearing layer 

Lower aquifer sands of low  

hydraulic conductivity 
1x10

-5
 5x10

-6
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Figure 2 Distribution of pilot points in the model layers of the Tamnava - West Field open-cast mine 
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Figure 3 Zones of hydraulic conductivity in the model layers of   

the Tamnava - West Field open-cast mine 
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CONCLUSION 

The paper described the application of an 

optimization method based on the Gauss-

Marquardt - Levenberg algorithm in hydro-

dynamic modeling, undertaken to assess a 

hydraulic conductivity during the course of 

automated calibration with regularization. 

The method considerably reduces the influ-

ence of expert judgment on the result. PEST 

software was used to optimize the parame-

ters during the automated calibration pro-

cess. This software has a broad range of 

applications, which transcend groundwater 

modeling. A development of PEST intro-

duced the concept of pilot points, which 

surpasses that of homogeneous zones with 

values of parameters of the medium or zones 

with specified boundary conditions. Even 

though the concept is a big step forward in 

the estimation of hydraulic parameters in 

hydrodynamic modeling, there are some 

issues. One of the biggest problems in con-

nection with the use of pilot points in PEST 

is the needed computation time. Every in-

crease in the number of pilot points in the 

model considerably lengthens the calibration 

time. Namely, PEST considers each pilot 

point as a parameter whose optimum value 

is to be determined. It should be noted that 

in PEST, each parameter requires one or two 

simulations per iteration. The described 

model of the Tamnava - West Field coal 

mine had a total of 1015 pilot points, which 

meant 1015 simulations (or 2030 if central 

differentiation was used) per iteration. A 

larger number of iterations per run were 

often needed during model calibration. If 

each run takes several minutes, then a long 

of time is needed to complete the process. 

The calibration time is measured in hours, 

and sometimes in days. However, there is 

certainly a solution for this problem and 

the use of modules that shorten the com-

 
 

 

putation time (Parallel PEST, BeoPEST, 

Cloud Computing and Singular Value De-

composition) is expanding. 
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