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INPUMEHA JUCKPETHOI' AYTOPET'PECUBHO — KPOCPEI'PECUBHOTI'
MOJEJIA IOKPETHOI' TIPOCEKA 3A NTPOI'HO3Y JHEBHUX BPEJHOCTH
N3JAIIHOCTHU BPEJIA MOKPA U INB/JbAHA

APPLICATION OF THE DISCRETE AUTOREGRESSIVE — CROSS-
REGRESSIVE MOVING AVERAGE MODEL FOR PREDICTING THE DAILY
DISCHARGE VALUES OF MOKRA AND DIVLJANA SPRINGS

OPUTMHAJIHA HAYYHHU PAJl — TRAVAIL SCIENTIFIQUE — RESEARCH PAPER

AncTpaKT. AyTOKOpenanuoHa M KPOCKOpETAIOHA aHAM3a BPEMEHCKHX CepHja MaJaBHHA M HCTUIAHA
MOJ3€MHUX BOJa KapcTHUX Bpena Mokpa u [ueibana (CyBa turanmna, JU CpOuja) m3BplueHa je pamu
(hopMmHpama CTOXaCTHYKOT ayTOperpecHBHO-KpocperpecuBHOr Monena (ARCR) W TporHo3e JHEBHUX
BPEAHOCTH W3AAIIHOCTH. Bynyhu na je Temko mpeaBuaeTH NMPOCTOPHY MUCTPUOYIHjy TOA3EMHHUX BOJA Y
OKBHPY KapCTHOT XHAPOTEOJIONIKOT CHCTEMa YCIIe[ T0CTOjamha XeTePOTreHOCTH M aHU30TPOITHOCTH KapCTHE
n3gaH (Tj. KpeuymadyKUuX CTeHa y OBOM CJydajy), AalIMKaTHMBHOCT JETEPMUHHUCTHYKUX MoOJena je
MHHUMH3HPaHa, 11a je IPUMeHa CTOXaCTHYKOT MOZIeNa y OBOM CIIy4ajy yuuHKoBUTHja. OBUM MozenoM Moryhe
jé IaTH KpaTKOpOYHYy IPOTHO3Y HCTHIAMma IMOI3EMHHMX BOJA Ha KAapcCTHOM Bpely, ca OAroBapajyhnm
MHTEPBAJIOM CUTYPHOCTH. AHAIN30M HPUMEHEHOT MOJENa YCTAaHOBJBEHO je Jla Cy MEpPHOJH BHCOKUX U
cpeamux Boja 100po CHMYJIHpaHu, 0K cy HajBehe ocrmanuje y neproay peuecuje (Hucke Boze). Ja ou ce
OBaj MpoOJieM TOHEKIEe aMOPTHU30Bao, M3BpIIEHa je TpaHchopmanuja Opyro magaBuHa momohy ¢unrepa
JIMHEAPHOT MOKPETHOT Tpoceka (eHri. moving average - MA). Ha noctojehin ARCR monen mpUMEmheH je
MpOo30p HMOKpPEeTHOT mpoceka ox 40 naHa, KOju TeHepalTHO OJIroBapa MEMOPHjH KapCTHOT XHIPOTEOJIOMIKOT
cHCTeMa M3padyHaToOI NMPHMEHOM ayTokopenanuoHe ¢yHkiuje. Ha Taj HauMH KpewpaH je MOAn(HKOBaHH
ARCR-MA mopen Ha KOMe ce youaBa Jia Cy BEJIHKe U CPe/ibe BoJe N00p0 CUMYJIHMpaHe, JOK Cy y IEepUOay
HHCKHX BOJIa THEBHE BPEJHOCTH M3/IAITHOCTH 00Jbe CUMYJIHpaHe y OHOCY Ha ocHOBHH ARCR Mogert.

KibyuHe peun: KapcTHO BpeJIO, CTOXaCTHYKH MOJIE], aHAIN3a BPEMEHCKUX CepHja, ayTOperpecHBHO-
kpocperpecuan Mojen (ARCR)

Abstract: Autocorrelation and cross-correlation analysis of time series of precipitation and groundwater
discharge were carried out and a stochastic autoregressive — cross-regressive model (ARCR) was formed in
order to forecast daily discharge values of Mokra and Divljana karst springs (Suva planina Mt., SE Serbia).
The heterogeneity and anisotropy of karst aquifers (i.e. limestone in this case), makes application of
deterministic models for forecasting of spring discharge difficult, since it is practically impossible to predict
the spatial distribution of groundwater within the karst hydrogeological system. This model gives a short-term
forecast of groundwater discharge at a karst spring with a given confidence level. The analysis of the applied
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model showed that the high and average water periods are well simulated, while the largest oscillations are in
the recession period (low water period). In order to amortize this problem to some extent, gross precipitation
was transformed using a moving average filter (MA). A 40-day moving average window was applied to the
existing ARCR model, which generally corresponds to the memory of a karst hydrogeological system
calculated using the autocorrelation function. In this way, a modified ARCR-MA model was created, which
shows that high and average water periods are generally well simulated, while in the low waters period, daily
discharge values are more realistically simulated if compared with ARCR model.

Key words: karst spring, stochastic model, time series analysis, autoregressive — cross-regressive model
(ARCR)

YBOJ

Kapct npexpusa Hemrro Buiie of 14% 3eMsbruHe TOBPILIMHE, KOje HHje TOKPUBEHO
BEUUTHM JieoM u cHeroM (STEVANOVIC, 2019). Nmajyhu y BuAy Ja KapcT MOKe
aKyMyJIUpaTH 3HauajHe KOJMYMHE [TOI3EMHIX BOJIA OJUIMYHOT KBaJIUTETA, KAPCTHE U3JJaHN
IpeACTaBibajy jeaH Of BaXKHUjUX pecypca nuTke Bozpe. [Iponena je na oxo 9% cBercke
MOMTyJIaIMje KOPUCTH KapCcTHE MoA3eMHe Bojie 3a muhie (STEVANOVIC, 2019). Mehy muma
ce Haja3u u craHoBHumTBO CpOuje, Oynyhu na je oko 20% moa3eMHuX Boja Koje ce
KOPHCTE Y BOJOCHA0/IcBahy CTAHOBHUIIITBA, YIIPAaBO M3 KapCTHUX u3aaHH, a aa Cpouja
pacnonaxe ca oko 600 x 10° m*/god, omHocHo 19 m’/s KapCTHHX MOA3EMHMX BOJA Kao
NOTCHIMjaTHUX ~CeKCIUIOATallMOHUX pe3epBu  (STEVANOVIC, 1995; POLOMCIC &
STEVANOVIC, 2011).

Nako ce unHM 1a 0Ba KOJMYWHA BOJIE MOXKE TIOJMUPHUTH CBe ToTpede, Hajuenthn
npobjeM KoJ KapCTHHUX HOA3EMHUX BOJla jecTe Ce30HCKa (piIyKTyaluja KBajguTeTa U
KBaHTHTETa TOKOM XWAPOJIOIIKe roanHe. Kule jakor MHTEH3UTeTa W MOIUIaBHU Talacu
MOTY yTUIATH Ha MOTOpIIake KBAINTETAa KapCTHHUX MoA3eMHuX Boja (y Hajsehoj mepu
MyTHONE M MUKPOOMOJIOIIKMX KapaKTEPHUCTHKA), JOK CE30HCKE OCIMJIalWje HUBOA U
pe3epBU TOA3EMHUX BOJIa y KapCTy MOTY YIPO3HTH JIOKAITHO BOAOCHaOneBame. M3 Tux
paszjora, JyropoYyHO WJIM KpPAaTKOPOYHO mpenBuhame OCIWiIalfja KBAIUTATUBHUX U
KBaHTUTATHBHUX KapaKTEPHCTHUKA KApCTHHUX IMOA3EMHHUX BOJA je BHLIECTPYKO KOPHCHO.
Ca acrnekTa KBaHTHTETa IOJ3€MHHUX BOJA, HAjBAXKHUje je MPEIABHICTH EKCTPEMHE
(MUHMMAaJTHE 1 MaKCUMAaJIHE) BPEAHOCTH HCTHUIIakha KapCTHUX Bpea.

3a pa3iMKy OJ HHTEPrpaHyJIapHMX M3JaHH, KOJ KOjUX je u3paaa
XUIPOANHAMHYKHUX MoJiesa oipe)eHuM COTBEPCKUM IMaKeTUMa IocTaia MpaBuio, TO KO
KapcTHUX W37aHu (joll yBeK) HUje ciiydaj. Hamme, umajyhin y BHIY XeTEepOTEHOCT M
AQHM30TPOITHOCT KAapCTHE U3/1aHU (OPMHpaHE y KpedmaluMa U JIPYTUM PacTBOPJbUBUM
CTeHama, NMPHUMEHJBHBOCT JNETEPMHUHUCTUYKHX MOJeNa je MUHHUMaiHa, Oynyhu na je
NPaKTUYHO HeMoryhe MpeaBUIETH MPOCTOPHY JAUCTPUOYIIN]Y TTOJA3EMHUX BOJIA Y OKBUPY
KapCTHOT XHIPOI€0JIONIKOT cucTeMa. bpojuu panuju nokymaju ca EPM (eurn. Equivalent
Porous Media) monenuma wim tpanchopmaunjama FeFlow KOMIOHEHTH HUCY Hanu
3a0BoJbaBajyhe pesynrate y mpakcu. Ilocneamux roauna amiukaiuje USG (eHri.
Unstructured Grid) KOMIIOHEHTH Jajy Haay na he ce y OyayhHOCTH ychemHuje
MOJIETUpAaTH U KapcTHa u3aan (PANDAY et al. 2013; KRESIC, 2013; KRESIC C & PANDAY,
2017). U3 oBux pasnora, y ciydajy CUMyJaldje UCTHLama KapCcTHUX Bpena Mokpa u
JlnBIbaHa MPUMECH j€ ayTOpEerpecuBHO — KpocperpecuBHn monen (ARCR), xojuM je
Moryhe maTh KpaTKOpOYHY IIPOTHO3Y HCTHIAka KapCTHOT Bpena, y3 OaroBapajyhm
MHTEPBaJl CHTYPHOCTH.



MATEPUJAJIN U METOJE
Onumre KapakTepucTHKe UCTPAKHOT NMOAPYYja

CyBa 1urannHa ce Haja3u y jyrouctouHoj Cp6uju, oko 10 km jyromcrouno ox
Huma, n neo je myraduxor eBporickor IutaHuHCKor nyka Kapmaro-bamkannma. Kapcrha
Bpena Mokpa u Jluspana, 3a Koje je KpeupaH MOoJIeNl UCTUIamka, Hala3e ce Ha TEPUTOPHjU
Onmrune bena [lananka, y mogHoxjy ucrounux maguHa Cyse [Inarmne (Cnuka 1). CyBa
IUTAaHMHA j€ ca CeBepa M CeBepo3araia orpaHnieHa pekoM HumaBoM koja ce mpobnina Kpo3
CuheBauky KIHCypy, ca MCTOKAa M jyrouctoka KopUTHHYKOM pEKOM, ca jyra peKoM
Jly>xHULIOM, JOK je ca 3amaja OrpaHrYeHa ca HeKOJIMKO MambiX PEYHHX TOKOBa. [ eomnomka
rpaha CyBe miaHIHE je KOMIUIEKCHA U TTOCTIE/INIIA j& BUIIIECTPYKNX TEKTOHCKUX forahaja,
KOjH Cy JIOBEJIU 10 HACTaHKa aHTHKIIMHAJIE MIPaBla NpyKamba CeBepo3arnaj] — jyrTOUCTOK U
KacHHjer W3/u3ama meHor ceBeposamamnor aema (VUIISIC et al, 1971). Mzausame
AaHTUKJIMHAJE JIOBEJIO je JI0 epoJoBama IOBIATHUX KapOOHATHUX CeIMMEHaTa
TOPHOjYPCKE ¥ JIOKOKPEAHE CTapOCTH W OTKpWBama je3rpa aHTUKIMHAJE Koje je
I/I3I‘pahCHO O ACBOHCKHUX M NEPMCKHUX KIACTUYHUX CCAUMCHATA. AuTukinHana CYBC
IUTAHUHE j€ Y HeTuHH JedopMucana y3ay>KHUM M TONPEUYHUM paceauma, HapOuuTO HheH
C3 neo. Kapbonatau cemqumenTH, Hajuenthe Kpedmaly pa3InduTor CTelleHa YrucTohe u
JIOJIOMHUTH, M3rpalyjy Kpuia aHTHUKJIMHAJC, YMjH TaJl CJI0jeBa jé Ka CEBEPOHMCTOKY W
jyrosamany.

Ha wuctpaxHOM TOAPYYjy WH3IBOjEHH Cy CBH THIOBH U3JaHH, Kao W
XHJIPOTEOJIONIKA KOMIUIEKC M yCIOBHO Oe3BOJHM jaeinoBH TepeHa (Ciuka 1) (PETROVIC,
2014, 2020; PETROVIC & MARINOVIC, 2018). 30ujenn THUm u3gand (GopMupaH je y
CeIMMEHTHMa KBapTapHE W HEOTeHEe CTapOCTH M YIJIABHOM HMa JIOKAJTHHM 3HAuaj.
[lykotuHCKM THI W31aHH (OpMHpaH je y MarMarCKMM CTeHamMa W CEeIMMEHTHHM
KJIACTUYHUM CTE€HaMma, U Takole, iMa caMo JIOKaJIHU 3Ha4aj. XUAPOTECOJIONIKHA KOMITJIEKC
U3JIBOjEH je y CTeHama HEOI'€He CTapoCTH, u3rpal)eHUM O IIJbYHKOBA, TMECKOBA, TJIMHA
YeCTO Y BEPTUKAIHOj CMEHH. TeKTOHCKM CKIION M 4YHcToha Kpeumaka yTHIAIU Cy U Ha
CTereH KapcTuuKalmje KapOOHaTHUX CTEHA JOHOTPHjacKe, TOPH0jyPCKE U TIOHOKPEITHE
CTapoCTH, T1a C€ y OKBUPY FHHX MOTY M3BOJUTH KapPCTHO — MYKOTUHCKU U KapCTHU THIT
n3gaand. CyBOIUIAHMHCKU KapCTHH MAacUB APEHHPA C€ UCKIJbYUIHMBO IPEKO M3BOPA U Bpena
y NOJIHOK]Y TUIAaHWHE, HACTAINX Ha KOHTAKTy ca BOJOHENponycHuM creHama (PETROVIC,
2014, 2020). TTocToju camM0 HEKOJIHMKO CJIa0MX W3BOpa Ha caMOM MacuBy (HIp. Paxormn
yecma, 1260 m.n.m.), na oTyJa ¥ NOTHYE UME IJIaHKUHE.

Kontunyanna mepema u3namHocty Bpena Mokpa u JluBibaHa cy y HaJUIEKHOCTH
JKII ,,Naissus* on MoMeHTa Kajxa cy o0a Bpena 3axBahieHa 3a BOJIOCHaOzEBame Ipajaa
Huma. IMpema nHoBujuM nopanuma (2015 — 2018. ronuHa), MUHUMAJIHE W3/IalIHOCTH Ha
Bpeny Mokpa jaBibajy ce Ha caMOM Kpajy JieTa M MOYETKOM jeceHH, Kajaa je cenreMoOpa
2018. roguHe MUHAMAITHA H3JIAITHOCT M3HOCHIA 69 1/s. CiuuHu nmoJay cy NpUKYIUbEHU
U ca Bpena JluBibaHa, T j¢ MUHUMAaJIHA M3AamHocT Ouna 75 1/s, n3Mepena cenreMoOpa
2016. rogune. MakcumanHe BPEAHOCTH H3JALIHOCTH YOUEHE CY Y 3UMCKOM MEPHOIY
(HoBemOap — meuembap) u Ha caMOM Kpajy 3uMme/moueTky npoieha (mapt). Ha Bpeny
Mokpa makcumyM je Omo mememOpa 2017. rommHe, Kajma je KOJWYMHA BOJE KoOja je
UCTHIaa U3 Bpena u3nocuina 4062 1/s, nok je Ha Bpeny JluBibana MakcuMyM o 6491 1/s
u3MepeH, Takohe, y nenemopy 2017. ronune.
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Cnuka 1. YopomheHa XHIporeoiomka KapTa HCTpaxXHOT npoctopa; Jlerenna: 1 — 30ujenn Tun uzgany; 2 —
KapcTau tin nzganu; 3 — KapcTHO-MyKOTHHCKH THI n3AaHu; 4 — [TyKOTUHCKY THIT M3JaHK; 5 —
XUIpOoreooKy KoMILTeKe; 6 — YcioBHO-6e3BoiHu TepeHn; 7 — Kapctro Bpeno; 8 — Ilehnna; 9 — 'eonomkxa
rpanuna; 10 — Pacen; 11 — Peunu Tok
Figure 1. Simplified hydrogeological map of the study area; Legend: 1 — Intergranular aquifers; 2 — Karst
aquifers; 3 — Karst-fissure aquifers; 4 — Fissure aquifers; 5 — Hydrogeological complex; 6 — Conditionally
impervious rocks; 7 — Karst spring; 8 — Cave; 9 — Geological boundary; 10 — Fault; 11 — River

Kpahu Teopujcku npuka3 cToXxacTHYKe aHAJH3e BPeMEHCKHUX cepuja

Bpemencka cepuja mompasymeBa ypel)enn Hu3 nojaraka y BpemeHy. OHe Mory
OMTH HENpEeKuJHe, Kajga ce MoJaTak MOXKe 3a0CNIe)KUTH Y Ma KOM HHTepBayy (IITO je
TeHEPAITHO CIIy4yaj ca MCTHLAKbEM CTATHUX KaPCTHHX Bpelia), OHOCHO HENPEKUIHE, KO
Koje ce omcepBanyje Oeiexe y UCTHM BPEMEHCKHM HHTEpBajiMMa (HIP. YaCOBHO WIIH
nuaesHo) (KOBAUWA, 1995), mro je ciyuaj ca mamaBuHama. CBpxa aHaIM3Hparba
BPEMEHCKHUX CepHja oriiesia ce y JAe(UHUCamky y3pOoKa IojaBe, npeaBubama MoHallama
BpEMEHCKe cepuje y OyayheMm mneprojay, OJHOCHO KOHTpOJIHCama BPEMEHCKE CcepHje
MaHHMITYJIalK]jOM MapaMeTapa KOjH yCIIOBJbaBajy BEHY T10jaBy.

CroxacTuuka aHalu3a BPEMEHCKHX CepHja IoJ[pa3yMeBa IMpolec ONucaH
CTaTHCTHYKHM IIapaMeTpuMa, MpU YeMy TaKaB OIMC IPEACTaBJba BEpPOBAaTHONY ImojaBe
jemnor o Moryhux crama nporieca (KRESIC, 1991). OcHoBHa 0/UTHKA j€ 1A je CTOXaCTHYKU
MoJien ofpeljeH ca BepoBaTHONOM I0jaBe y BpEMEHY ¢ Ha OCHOBY MTO03HaBaba MPETXOTHOT
CTama y BPEMEHY fy < f, 0K je KO IeTePMHUHUCTUYKOT MOJIEINA, TPOIec ca curypHomhy
neduHECaH y BpeMeHyY f Ha OCHOBY MO3HaBamwa MPETXOJHOT CTamka Y BpEeMEHY #y < 1.

[IpBu KoOpak MpH CTOXACTHYKOM MOJCIHPAkYy jECTe aHain3a CTOXACTHYKUX
ocobrHa cBake BpEMEHCKeE cepHje Koja he ce kopucTutu npu GopMupamy MOJena, 3a ITa
Ce KOPHCTH ayTOKOpeNalMoHa (yHKIH]ja, KOja ONMKCYje CYKIECUBHE WIAHOBE jeIHE HCTE
BpeMEHCKe cepuje (Tj. 3aBHCHE WM He3aBHCHE MTPOMEHIBUBE) U YTBPl)Yje BeHY 3aBHCHOCT
u niepuoauaroctd (KRESIC, 1991). Ca npyre crpane, apyra GpyHKIHja Koja ce KOPUCTH Y
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CTOXAaCTHYKO] aHAIM3U je KpOoCKopenanuoHa (QyHKIMja, Koja moapasyMmeBa onpehuBame
MeljycoOHe 3aBHCHOCTH JBE CIIydajHE MPOMEHJBMBE O] KOjUX j€ jeqHa 3aBHCHA (HIIp.
U3/IaIIHOCT Bpela), a Ipyra He3aBUCHA (HIIp. najgaBuHe) npomensbuBa (KRESIC, 1991).

3a cuMynanujy HCTUIalka KapcTHUX Bpena Mokpa u [uBibaHa NPUMEHEHH CY
aytoperpecuBHu (AR), kpocperpecuBHn (CR) W ayTOperpecMBHO — KPOCPETPECUBHU
(ARCR) monmenu. AR MoenH ce KOPUCTE 3a TeHepUCamhe CHHTETHIKAX HU30Ba HE3aBUCHUX
BPEMEHCKUX CEpHja, a y HW3BECHHM CJIy4ajeBUMa MOTY CIY)KHTH W 3a H3/1aBambe
kpatkopounux (1-2 mana) mporuno3a (KRESIC, 1991). [Tomohy oBux mMozena ycrocTaBiba
ce JIMHeapHa perpecnoHa 3aBUCHOCT n3Mel)y €wiaHoBa HH3a HCTE BpEeMEHCKe cepHje. Tako,
HE MOTY C€ CaMOCTaJIHO KOPUCTHTH 32 HIIP. MOJAEIHpame N3JAITHOCTH Bpena, Oyayhu na
HE YKJbY4Yjy yJia3 y CHUCTEM, Tj. MaJaBWHE. 3a CHUMYJALHM]y H3AALIHOCTH KapCTHHX
HO3EMHHX BOJIa, MOTY ce KOpHCTUTH 1 CR MOJeNH, T1Ie ce TIope T 3aBICHO IPOMEHIbUBE
X, (y oBOM cityuajy IpoTHliaja Bpeia) yBOJHM U HE3aBUCHO MPOMEHJbHBa ¥, nTo3a 1, 2, ...
n IPETXOAHUX NaHa, 1j. Yi1, Y2, .., Ve

3a cuMmynanujy ¥ KpaTKOpOYHY MPOTHO3Y MCTHIamka KAPCTHHUX IOA3EMHHX BOAA
HajOoJbe pesyiTaTe naje KOMOMHOBaHM ayTOpErpecuBHO — KpocperpecuBHU (ARCR)
Mozel Koju y cebe ykibydyje AR u CR moaen. ARCR monenu mnpunazajy rpynu
MYJITHBapHjaHTHUX Mojena BpemeHckux cepuja (KRESIC, 2010) u cBome ce Ha
BUIIIECTPYKY JUHEAPHY perpecrjy. MehyTum, oBaj Mol Kao yina3 y3uMa OpyTo ImajaBuHe
U Jlaje UCTH TSKUHCKUA (PaKTOp CBHM BpPEAHOCTHMA MaJaBWHA, Tj. M3jelHAUaBa yTUIA]
OyKHX W WHTCH3WBHUjUX JICTHUX MaJaBHHA, JOK HE y3uMa y o03up HIp. moehany
€BaroTpaHCIHPaIHjy U JePUINT BIIare Y HECATyPHCaHO] 30HH (Y PEIIECHOHOM IIEPHOY)
U jpyre GakTope KOjU TOKOM JICTHUX MECeIH JOJaTHO YTHYy Ha e(peKTHBHY
unduntpaimjy kapcrie m3manu (KRESIC, 2010). [la 6u ce oBaj mpobieM JIOHEKIe
aMOpTH30Ba0 TMOTpeOHAa je MpHMEHa jeIHOCTaBHUX MAaTeMAaTHYKUX OIepanuja Koje
YKIbYUyjy QuiITpupame OpyTO NajJaBHHA M HUXOBY areHyanujy. To ce Moxe moctuhu
TpaHchopmaljoM OpyTo MajaBuHa MOMOhy QuiuTepa JTUHEAPHOT MOKPETHOT MpOceKa
(enri. moving average filter - MA) (KRESIC, 2010). TTomenytu dunrep TpaHchopmuimne
OpyTO majaBMHE Ha OCHOBY YHAlpe] 33JaTOr IPOo30pa IOKPETHOI MpOCeKa, KOju ce
u3paxkaBa y jJaHuMa. ['eHepayHO TIIefaHO, MPUMEHa OBOT (HITEpa JOHEKIEe CMamyje
koeduujeHT Bumectpyke perpecuje ARCR mojena. Melhytum, no3utuBHA eheKTH ce
ornenajy y Oo0JbUM pe3yiTaTHMa y pELHeCHOHOM IEpUOAY, JOK Cy y TEepHOIY
NpUXpambHBakba U3/IaHH PE3YJITaTH MPHIMYHO CIIMYHU Kao ca OpyTO IajgaBuHaMa.

PE3VYJITATU U JUCKYCHUJA

CToXacTUYKO MOJIENHpamke NMPUMEHEHO je Ha BPEMEHCKE cepHje HCTUIlama
KapCTHUX MTOA3EMHUX BoJa Bpena Mokpa u J[MBsjbaHa U IalaBUHA ca KUIIOMEPHE CTAHMIIE
Hum y nepuogy 2015 — 2017. ron. Pagu noysnanuje ananuse u Gopmupama mMozaena,
KapcTHa Bpena Mokpa u [IuBibaHa cy ocMarpaHe Kao jeJiHa Tauka HCTHIAba, TAKO MITO
Cy Y aHaM3u KopuiheHe cyMupaHe BpeHOCTH HCTHIIaka. Mokpa u J[MBibaHa YnHe UCTH
KapCTHU XHUAPOTEOJIOIIKM CHCTEM, AOK WHTEPHY JAeIMHealujy IMOJACIMBOBA HUje OMIIO0
Moryhe noy31aHo OOPEAUTH Y OBOM TPEHYTKY.

AyToKopernaryja moaaTaka UCTHIIamka MOA3EMHUX BOJIa IOKa3yje Aa je MeMopHja
crucreMa Oko 43 maHa, HAaKOH 4era ciydajHa MPOMEHJbHBA IMOCTaje HezaBucHA. C apyre
CTpaHe, ayTOKOpeJanyja najiaBuHa mokaszyje MEMOpHjy CUCTeMa O[] camMo 2 JaHa, IITO je
pa3yMJbMBO y3uMajyhu y 003up cliydajHy IpHPOIY OBE IMpoMeHsbuBe. Kpockopemorpam
MpUKa3yje peakinjy KPYIMHUX KapCTHUX KaHaIa ca KallibemheM O] CaMo JeTHOT JaHa, TOK
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CTaTUCTUYKHU YTHLAj MaJaBHHA Ha MCTHLAKE KApCTHUX MOA3EMHHMX BOAa Ha BpelIMMa
Moxkpa u Hdusmana noctoju mo 6. mana. lllto ce tnue mpumene AR u CR mopena,
KoeHLMjeHTH ayToperpecuBHOr Moaena kpehy ce ox 0,8913 3a pex monena 1 go 0,9015
3a pen mogmena 10, mTo je mocnexuna ayropouHe Memopuje. CympoTHO ToMe,
Koe(HUINjeHTH KPOCPErpecHBHOT MOJieNna cy HUCKHU U Kpehy ce ox 0,1753 3a pen monmena
1 mo 0,5411 3a pex mogena 10. KoedurnumjeHTn KOMOWHOBAHOT ayTOPETPECHBHO-
kpocperpecuBHor mozena (ARCR) Bapupajy y pacniony on 0,9150 3a pex moaena 1 mo
0,9229 3a pen mozena 10. BammmHocT Mozena He pacte 3Ha4ajHO ca mosehameM pena
Mojiea, Ha OCHOBY KoeduiujeHaTta kopenanuje Moaena. Crora Kpemmh (2010) mHaBoan
Jla, Kaja je BpeMEHCKH HU3 JoOpo ayTOKOpeiucaH, pex Mmozena 1 wim 2 (Hekaaa u ao 4)
Jlaje cacBUM 3a/I0BOJbaBajyhe pe3ydaTare y XUAPOrEOJIONIKOj TMPaKCH, IITO je U
UCcKOpuIITheHo 3a CHMYJIalujy peKuMa HCTHIamba KapcTHUX Bpeina Mokpa u J{usibana.

[leproay BHCOKMX U CpelbHUX BOJA T€HEPATHO Cy NOOpO CHMYJIHpaHH, 0K ce
HajBehe pasnuke U3MEpeHHX U CUMYJIHPAaHUX BPEIHOCTH jaBJbajy TOKOM MEPUOJIa HUCKHX
BO/a. Y TUM NepruoanuMa, IPUMETaH je ,,ITyM", Kao Tocieania HepUITPUPaHUX YIIa3HAX
curHana. TpaHnchopmarija OpyTo TafaBUHA U3BPIIIEHA j€ TPIMEHOM (PriITepa MOKPETHOT
npoceka o 40 maHa, MTO TEHEPATHO OArOBapa MEMOPHjU KapCTHOT XHUAPOTEOJIOLIKOT
CUCTeMa u3padyHaroj momohy ayrokopenanuone ¢pynkiuje (Ci. 2a). IIlpema Tome, Mmonen
ca ¢uaTpupaHuM OpyTO MalaBUHAMa jacHO TTOKa3yje 00Jbe oAy Iapamke CUMYTHPaHUuX H
OocMaTpaHMX NOAaTaKa APEHUPama He CaMo Y MEpUoTy IPUXPabHBakha KAPCTHOT CUCTEMA,
Beh u y nepuofy peuecuje.

Y mwey mpoBepe OoHHTETa MOZeNa H3BpPIIEHA j€ KOpejanHja OYUTAHUX H
CUMYJIMPAaHUX MOJaTaka JHEBHUX M3JIAIHOCTH Ha Bpenuma 3a nepuoxa 2015 — 2017.
roguna (Ci. 2b). Ca moMeHyTHX IUjarpaMa ce BUJIH J1a je Koe(UIHjeHT Kopealuje BUCOK
R’ = 0,8654, 1j. R (Mokpa n uswana) = 0,9303, mro ykasyje Ha 106po clarame
U3MEpEHUX U CUMYJHpaHux BpeaHoctu. Takohe, y Tabenu 1 nara je aHanu3a BapjaHCH
Mojena u peaunyana y 138. ANOVA tabenu, Koja TecTupa MoJel npeko F koeduiujenrta
koju ciequ OumepoBy pacrnozaeny. Kako Ou ce moTBpuo OOHUTET PETPECHOHOT MOJIENa,
F Bpexnoct Mopa O6uth Beha o1 BpemHOCTH 3a onaOpaHH MHTEpBAJl IMOBEpEma a, KOjU
obnyno m3Hocu 0,05, kao y oBoMm ciy4yajy. Byayhu na je Bpeanoct F 3a omaOpanu
WHTEpBal NoBepema 1,94 (mpema craTHCTHYKUM Tabnuiama), a cpadyHara F' craTuctuka
perpecuoHor mozena je Beha ox 10, Moke ce 3akJby4UTH Ja je MoJeN 1o0ap.
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Cruka 2. a) YHopenHu aujarpam usMepeHux (Qrec) 1 CUMYIUPAHUX (Qsim) CyMapHHUX BPEJHOCTH
u3pamHocty o6a Bpena Mokpa u JIusiana npumeHom ARCR mMozena ca GUITepoM JIHHEapHOT TIOKPETHOT
npocexka; b) Kopenanuja n3MepeHux U CUMYJIMPaHUX BPEAHOCTH HCTHIIakha KapCTHUX Bpena Mokpa u
JuBrbana npumenoM ARCR-MA monena
Figure 2. a) Comparative diagram of recorded (Qrec) and simulated (Qsin) summarized discharge data for both
karst springs Mokra and Divljana by applying ARCR-MA model; b) Correlation of recorded (Qrec) and
simulated (Qsim) summarized discharge data of karst springs Mokra and Divljana by applying ARCR-MA
model

Tabena 1. ANOVA tabena aHanu3e BapyjaHCH MOJIeTIa M pe3uyaa 3a CyMapHy H3/IallHOCT KapCTHHUX Bpela
Mokpa u Jluspana. Jlereana: CK — cyma kBagpara; BCC — 6poj crenenu cno6oae; CBCK — cpenme
BPEIHOCTH CyMe KBajpara
Table 1. ANOVA table, analyses of variance of model and residuals for summarized discharge of Mokra and
Divljana karst springs. Legend: CK — sum of squares; BCC — number of degrees of freedom; CBCK — mean
values of sum of squares

F Ta01mM4yHa BpeJHOCT

KommnonenTa CK | BCC CBCK CBCK F cratucruka za a = 0,05
Mogen 340 8 35,560 5,963 17,672

Pesunyan 290 | 356 0,114 0,337 HSSHM o4

YkynHo 50 364 0,935 0,967 SSKR

3AK/bBYYAK

CroxacTuyuka aHaiHM3a M3BPIICHA je 32 BPEMEHCKE CepHje MCTHIAmba KapCTHHX
Bpena Mokpe u JluBipaHe, Kao U 3a NaJaBUHE ca KUIIOMepHe craHule Huin 3a nepuon
2015 — 2017. ronune. Takole, ka0 BpeMEHCKe CepHje UCTHUIIaka OBUX Bpeila KopultheHa
je mHXoBa CyMapHa BpeaHocT, Oynyhm na ce pagd O jeIWHCTBEHOM KapCTHOM
XHUJPOTEOJIOIKOM CUCTEMY Ca HEKOJIMKO Tadyaka UCTULama, 0] KOjUX cy Bpena Mokpa u
JuBpana Haj3HauajHUje. Y OKBUPY CTOXAacTHYKE aHAJIU3€, BPEMEHCKE Ccepuje cy
aHaNM3WpaHe TPUMEHOM (YHKIHja ayTOKOpeNlaldje M KpOCKOopenaiuje, oK je
CUMYyJIalfja pexruMa UCTUIakha U3BPIIeHA IPHMEHOM ayTOPErpECHBHO-KPOCPETPECHBHOT
monena (ARCR), OIHOCHO ayTOpPETpecMBHO — KPOCPETpPECHBHOT MoOfena ca
TpaHchOpMHCAaHUM NajaBUHaMa moMoNy ¢uiaTepa JIUHEAPHOT MHOKPETHOT IPOCEKa
(ARCR-MA), xao yna3HOT CUTHaJA.

VYaumajyhin y 003up Benuke pasiuke u3Mmelly CHUMYyJIMpaHUX M HM3MEPEHUX
BPEIHOCTH UCTULaKka Y PelieCHOHOM nepuony ymnorpedbom ARCR Mojena, Ha NOAAaTKe O
najaBuHaMa NpUMEe-eH je QuiTep JTrHeapHOoT MOKPETHOT MpoceKa Kako O ce mo0oJbIIao
cumynanuonu Mojien. Tpanchopmucann ARCR-MA monen nao je MHOTO 00Jbe pesynrare
y HEepUOAY HHUCKHX BOJA, JOK Cy pe3yiTaTH CHUMYyJalMjeé TOTOBO MCTH y HEpHOAMMA
BUCOKHX U cpeamux Boxa. OcuM mokaszaresba OOHUTETa MOAENA, Y HIJbY €TAIOHHPamba
MOJIeNIa, HEOMXOHO je WCTH MPOBEPUTH ca TOJaluMa KOju HHCY YIUIH Y TPOpavyH.
Hpyrum peunma ARCR-MA Mozen je uckopuihieH 3a CUMYJIHpame 1MojlaTaka UCTUIIamkha
Bpena 3a mepuoj jaHyap — naeuemOap 2018. roaumue, pagu mopehema ca cTBapHO
u3MepeHnM mnojganuMa. CuMmynanuja je mokasajga IoOpo MOKIalame H3MEPEHUX |
MPOTHO3MPAHUX BPEJIHOCTH UCTUIAkha MMOJI3EMHKX BOJIa HA KapCTHUM Bpenrma Mokpa u
Jusibana, y3 koeuuujeHt kopenauuje o R = 0,95. OBaj cumMmymnauoHu MoAea MOXKe JaTu
PeJIaTHBHO MOY3/1aHy KPaTKOPOYHY MPOTHO3Y AHEBHUX HCTHLIAKA KApCTHUX Bpelda Mokpe
u JluBipane.

3axeannocii. Pag je tiogpoican cpegciisuma Munucinapciisa nayke, dpoceeilie U WexXHOI0WKOT
passoja Cpouje, IIpojexaii OHU176022. Ayitopu ce saxeamyjy u JKII ,, Hauccyc“ na yciayibenum iogayuma.
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APPLICATION OF THE DISCRETE AUTOREGRESSIVE — CROSS-
REGRESSIVE MOVING AVERAGE MODEL FOR PREDICTING THE DAILY
DISCHARGE VALUES OF MOKRA AND DIVLJANA SPRINGS

INTRODUCTION

Karst covers a significant part of the Earth's surface, covering > 14% of ice-free
land (STEVANOVIC, 2019). Bearing in mind that karst can accumulate considerable
amounts of high-quality groundwater, one must admit that karst aquifers represent one of
the valuable drinking water resources. It is estimated that about 9% of the world's
population uses groundwater from karst as water supply source (STEVANOVIC, 2019).
Among them is the population of Serbia, considering that Serbia has about 600 x 10° m*/y
or 19 m’/s of karst groundwater as potential exploitation reserves, while about 20% of
groundwater used for water supply is from karst aquifers (STEVANOVIC, 1995; POLOMCIC
& STEVANOVIC, 2011).

Although it seems that this amount of water can meet all needs, the most common
problem with karst groundwater is the seasonal fluctuation of quality and quantity in the
course of hydrological year. Heavy rains and floods can affect the deterioration of karst
groundwater quality (mostly turbidity and microbiological characteristics), while seasonal
oscillations of karst groundwater levels and reserves can jeopardize local water supply as
well. For these reasons, long-term or short-term prediction of oscillations of qualitative and
quantitative characteristics of karst groundwater would be useful in many ways. From the
aspect of groundwater quantity, the most important thing is to predict the extreme values
of karst springs - minimum and maximum discharge.

Unlike intergranular aquifers, where the application of hydrodynamic models has
become the rule due to existence of excellent software packages, this (still) is not the case
with karst aquifers. Having in mind the heterogeneity and anisotropy of karstification of
limestones and other soluble rocks, the applicability of deterministic models is minimal
since it is practically impossible to predict the spatial distribution of caverns and channels
within the karst hydrogeological system. Numerous previous attempts with EPM
(Equivalent Porous Media) models or transformations of FeFlow components did not give
satisfactory results in practice. In recent years, applications of the USG (Unstructured Grid)
components have given hope that the karst aquifers will be more successfully modelled in
the future (PANDAY et al. 2013; KRESIC, 2013; KRESIC & PANDAY, 2017). For these
reasons, for the prediction of discharges of Mokra and Divljana karst springs, the
autoregressive-crossregressive model (ARCR), which makes it possible to give a short-
term forecast of karst spring outflow with an appropriate confidence interval, was applied.

MATERIALS AND METHODS
General characteristics of the study area

Suva planina Mt is located in south-eastern Serbia, about 10 km southeast of Nis,
and is a part of the Carpato-Balkanides — a long European mountain range. The Mokra and
Divljana karst springs, for which a stochastic model was created, are located on the territory
of the municipality of Bela Palanka, at the eastern foothill of Suva planina Mt. (Fig. 1).
Suva planina Mt is bordered on the north and northwest by the NiSava river, which streams
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through the Sicevacka gorge, by the Koritnica river on the east and southeast, by the
Luznica river on the south, while on the west it is bordered by several smaller rivers. The
geological structure of Suva planina Mt is complex and is a consequence of multiple
tectonic events, which led to the formation of the anticline of the northwest-southeast
direction and the later uplift of its northwestern part (VUIJISIC et al, 1971). The uplift of the
anticline led to the erosion of the overlying carbonate sediments (Upper Jurassic and Lower
Cretaceous age) and the exposure of the anticline core in the north-western area, which is
built by clastic Devonian and Permian sediments. The anticline of Suva planina Mt is
completely deformed by longitudinal and transverse faults, especially its NW part.
Carbonate sediments, commonly limestones (and dolomites) of various degrees of purity,
form the limbs of the anticline that dip towards the northeast and southwest.

All aquifer types were determined on the study area (Fig. 1), as well as the
hydrogeological complex and impervious rocks (PETROVIC, 2014, 2020; PETROVIC &
MARINOVIC, 2018). The intergranular aquifer is formed locally in Quaternary and Neogene
sediments. The fissured aquifer was formed in igneous rocks and sedimentary clastic rocks,
having only local significance. The hydrogeological complex is formed in rocks of
Neogene age, built of gravel, sand, and clay in vertical alternation. Karstification degree
of the carbonate rocks of the Lower Triassic, Upper Jurassic and Lower Cretaceous age
was influenced by the tectonic pattern and limestone purity, so karst-fissure or karst aquifer
types can be found. Karst aquifers of Suva planina Mt are discharged mainly through
springs at the foothills of the mountain, emerging at the contact of karstified and
impervious rocks (PETROVIC, 2014, 2020). There are only a few rather small springs on
the mountain itself (i.e. Rakos ¢esma spring, 1260 m.a.s.l), hence the name of the mountain
(“Suva” means “dry”).

Continuous measurements of the springs’ discharge are under the jurisdiction of
PUC "Naissus" from the moment when both springs were tapped for the water supply of
the city of Ni§. According to recent data (2015-2018), the minimum discharge at the Mokra
spring are recorded at the very end of summer and in the beginning of autumn, so the
minimum discharge for 2015 —2018 period was 69 1/s recorded in September 2018. Similar
data were collected from the Divljana spring, where the minimum discharge was 75 I/s,
measured in September 2016. Maximum values are recorded in the winter period
(November-December) and at the very end of winter/beginning of spring (March). The
maximum discharge value at the Mokra spring was 4062 1/s, measured in December 2017,
whiles the maximum value at the Divljana spring, was 6491 1/s, recorded in December
2017.

A brief theoretical background of stochastic time series analysis

A time series means an ordered array of data over time. They can be continuous,
when the data can be recorded at any interval (which is generally the case with the
discharge of a permanent karst springs), or discontinuous, in which observations are
recorded at the same time intervals (e.g. hourly or daily) (KOVACIC, 1995), which is the
case with precipitation. The purpose of time series analysis is to define the cause of the
occurrence, predict the behaviour of the time series in the future, and control the time series
by manipulating the parameters that cause its occurrence.

Stochastic analysis implies a process described by statistical parameters, where
such a description represents the probability of occurrence of one of the possible states of
the process (KRESIC, 1991). Its basic feature is that the stochastic model is determined with
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the probability of occurrence in time ¢ based on knowledge of the previous state at time #,
< t, while in the deterministic model the process is defined with certainty in time ¢ based
on knowledge of the previous state at time 7y < ¢.

The first step in stochastic modelling is to analyse the stochastic properties of each
time series that will be used in the model, for which the autocorrelation function is used.
The autocorrelation function implies describing successive members of the same time
series (i.e. dependent or independent variables), determining its dependence and
periodicity (KRESIC, 1991). On the other hand, second function that is utilized for
modelling is cross-correlation that involves determining the interdependence of two
random variables, one of which is dependent (i. e. spring discharge) while the other is
independent (i. e. precipitation) variable (KRESIC, 1991).

Autoregression (AR), cross-regression (CR) and the development of a combined
autoregressive-cross-regressive (ARCR) models were applied to simulate the discharge of
Mokra and Divljana karst springs. AR models are used to generate synthetic arrays of
independent time series, and in some cases, they can also give a short-term (1-2 days)
forecasts (KRESIC, 1991). Using these models, a linear regression dependence is
established between the members of the same time series. Thus, they cannot be used
independently for modelling the spring discharge, since they do not include the input signal
to the system, i. e. precipitation. In addition to the autoregressive model, cross-regression
- CR models can also be used for simulation, where except the dependent variable X; (in
this case the spring discharge), the independent variable Y- is included also, for I, 2, ... n
of the previous days, i. e. Y.;, Yi2, ..., Yin.

For the simulation and short-term forecast of karst groundwater discharge, a
combined autoregressive-cross-regressive (ARCR) model, which includes the AR and CR
models, gives the best results. ARCR models belong to the group of multivariate time
series models (KRESIC, 2010) implying multiple linear regression. However, this model
takes gross precipitation as input and gives the same weight factor to all precipitation
values, 1. e. equalizes the influence of longer and more intense summer rainfalls, while at
the same time does not take into account increased evapotranspiration and moisture deficit
in the unsaturated zone (in the recession period) and other factors that during the summer
months further affect the effective infiltration into the karst aquifer (KRESIC, 2010). To
amortize this problem to some extent, it is necessary to apply simple mathematical
operations that include filtering gross precipitation and their attenuation. This can be
achieved by transforming gross precipitation using a linear moving average filter (KRESIC,
2010). This filter transforms the gross precipitation based on a predefined moving average
window, which is expressed in days. In general, the application of this filter somewhat
reduces the multiple regression coefficient of the ARCR model. However, the positive
effects are reflected in better results in the recession period, while in the period of higher
infiltration the results of the model are quite like those of model with gross precipitation.

RESULTS AND DISCUSSION

Stochastic modelling was applied to time series of the Mokra and Divljana karst
spring discharge and precipitation from the rain station Nis in the period 2015 —2017. For
the sake of more reliable analysis and modelling, the Mokra and Divljana karst springs
were considered as one discharge point, hence the summarized values of discharge were
used in the analysis. The Mokra and Divljana karst springs form the same karst
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hydrogeological system, while the internal delineation of the sub-catchments could not be
reliably determined at this time.

Autocorrelation of groundwater discharge data shows that the system memory is
about 43 days, after which the random variable becomes independent. On the other hand,
the autocorrelation of precipitation shows the system memory of only 2 days, which is
understandable considering the randomness of this variable. The cross-correlogram shows
the reaction of large karst channels with a delay of only one day, while the statistical
influence of precipitation on the discharge of the Mokra and Divljana karst springs exists
until the 6™ day. Regarding the application of AR and CR models, the coefficients of the
autoregressive model range from 0.8913 for the 1%t model order to 0.9015 for the 10™ order,
which is a consequence of long-term memory. In contrast, the coefficients of the cross-
regression model are low and range from 0.1753 for the 1% order to 0.5411 for the 10™
order. The coefficients of the combined autoregressive-cross-regressive model (ARCR)
vary from 0.9150 for the 1°* order to 0.9229 for the 10™ order. Model validity does not
increase significantly with increasing of the model order, based on model correlation
coefficients. Therefore, KRESIC (2010) states that, when the time series is well
autocorrelated, the model order of 1 or 2 (sometimes up to 4) gives quite satisfactory results
in hydrogeological practice, which was used to simulate the regime of the Mokra and
Divljana karst springs.

Periods of high and average waters are generally well simulated, while the largest
differences of measured and predicted values are in low water periods. During these
periods, noise is noticeable, because of unfiltered input signals. To avoid these problems,
a linear moving average filter (MA) was applied to precipitation values. The 40-day
moving average window was applied to the existing ARCR model, which generally
corresponds to the memory of the karst hydrogeological system calculated using the
autocorrelation function (Fig. 2a). Therefore, the model with filtered gross precipitation
clearly shows a better match between the simulated and recorded discharge data not only
during the recharge period of the karst system, but also during the recession period.

In order to test the goodness of the model, a correlation was made between the
recorded and simulated data of daily discharge at the springs for the period 2015 - 2017
(Fig. 2b). Fig.2b shows that the correlation coefficient for the karst springs is high R? =
0.8654, i. e. R = 0.9303, which indicates a good fit between the recorded and simulated
values. Also, Table 1 provides an analysis of model variances and residuals in the so-called
ANOVA table, which tests the model via the F coefficient that follows the Fisher
distribution. In order to confirm the goodness of the regression model, the F value must be
greater than the value for the selected confidence interval a, which is usually 0.05, as in
this case. Since the value of F for the selected confidence interval is 1.94 (according to
statistical tables), and the calculated F statistics of the regression model is greater than 10,
it can be concluded that the model is good.

CONCLUSIONS

Stochastic analysis was performed for time series of the Mokra and Divljana karst
springs and precipitation from the rain station Ni§ for the period 2015 — 2017. Also, the
summary value of springs’ discharge was used as a time series, since it is a unique karst
hydrogeological system with several discharge points, out of which the Mokra and
Divljana springs are the most significant. Within the stochastic analysis, time series were
analysed using autocorrelation and cross-correlation functions, while the simulation of
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discharge was performed using an autoregressive-cross-regressive model (ARCR), i. e.
autoregressive-cross-regressive model with transformed precipitation using a linear
moving average filter (ARCR-MA) as an input signal.

Considering the large differences between the simulated and recorded values of
the discharge in the recession period using the ARCR model, a linear moving average filter
was applied to the precipitation data to improve the simulation model. The transformed
ARCR-MA model gave much better results in the low water period, while the simulated
values are almost the same in the high and average water periods. In addition to the
indicators of the goodness of the model, it is necessary to compare the results with the
discharge data that were not included in the model creation, in order to calibrate the model.
In other words, the ARCR-MA model was used to simulate spring discharge data for the
period January — December 2018, for comparison with the measured data. The simulation
showed a good match between the measured and simulated values of groundwater
discharge of the Mokra and Divljana karst springs, with the coefficient of correlation of R
= 0.95. This simulation model can give a relatively reliable short-term forecast of daily
discharge values of the Mokra and Divljana karst springs.

Acknowledgments. The research was carried out using the funds provided by the Ministry of Education,
Science and Technological Development through the project No. 176022. Authors express their gratitude to
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